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Abstract 
The main disadvantage of constant modulus algorithm (CMA) equalizer is that the output error is very large for the 
transmitted signals with non-constant modulus. So a new dual-mode CMA equalizer is proposed. This equalizer 
operates with switching the algorithm from traditional CMA to multi-modulus CMA and the condition of switching is 
based on the decision of the equalizer’s output. Comparing with the CMA, the proposed method has the lower 
residual mean square error (MSE). The efficiency of the method is proved by computer simulations. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1.  Introduction 
In most practical wireless communication environments, intersymbol interference (ISI) exists and has a 
severe distortion effect on the transmitted signals. Conventionally, an adaptive equalizer with the aid of a 
training sequence known to both the transmitting and receiving ends is employed to overcome the effects 
of multipath fading. However, it has been well known that such a periodically transmitted training 
sequence results in reduced effective channel data rate. As a result, blind equalization techniques have been 
attracting more and more attention recently. The major advantage of such techniques is that no training 
sequence is needed to start-up, or restarts the system whenever the communication breaks dawn 
unpredictably. 
A blind equalization scheme is shown in Fig. 1. Instead of choosing the equalizer so that the equalized 
output sequence is close to the source symbol sequence, as in the standard equalization formulation, in 
blind equalization one chooses the equalizer so that the statistics of the equalized output sequence are close 
to the statistics of source symbol sequence. The innovative idea of blind adaptive equalization was first 
proposed by Sato [1], and then further developed by Godard [2], Shalvi [3], De Castro [4] and more 
recently Alberge [5] and Alban [6]. For communication systems employing high bandwidth efficiency 
QAM signaling, the CMA based FIR equalizer is by far the most popular blind equalization scheme. 
Problem of the CMA, however, is that it only achieves moderate convergence rate and mean square error 
(MSE) after convergence, which may not be sufficient for the system to obtain adequate performance. 
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Furthermore the key of CMA is that it uses the statistical modulus of source signals to try to make the 
modulus of received signals be equal to that. So for the nonconstant modulus signals such as high-order 
QAM and PAM signals, the equalizer output error is very large. 
So we propose a new dual-mode CMA equalizer, according to the switching condition, the equalizer 
uses CMA or multi-modulus CMA. The computer simulation results show thath the proposed method has 
lower residual mean square error, which means it is very effective for the nonconstant modulus signals to 
overcome the ISI. 
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Figure 1. A schematic diagram of blind equalization. 
2. Constant modulus algorithm 
Constant modulus algorithm (CMA), first introduced in [2], is by far the most popular blind 
equalization algorithm because it is robust and can be easily implemented [7]. As seen in Fig. 1, )(ks  is 
the transmitted symbol; )(kC  is the impulse response of the channel; )(kn  is the channel noise; )(kx  is 
the equalizer input; )(ky  is the equalizer output and )(ˆ ks  is the output of the decision device. The 
equalizer N-taps weight vector is defined by T110 )](,),(),([)( kfkfkfk N "f . The N-taps input vector is 
defined by ,),1(),([)( " kxkxkx T)]1(  Nkx . Equalizer output can be expressed as 
 )()()( T kkky xf  
The cost function of CMA is defined by 
 })|)({(|E)( 2ppCMA RkyJ  f ˈ 2,1 p  
where pR  is a constant modulus and it is the priori statistical information informed in above. And it is 
defined by 

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The weight vector is updated by [2] 
 )()|)((||)(|)()()1( 2 kRkykykykk *ppp xff   P  
where P  is the step size. 
When P=1, the weight vector is updated by  
 )()|)()](|([)()1( kRkykysignkk *xff   P  
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where ][si gn  indicates sign function, and  
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and it is called CMA1-2. 
When P=2, the weight vector is updated by  
 )()|)()(|()()1( 22 kRkykykk *xff   P  
where
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and it is called CMA2-2. 
The CMA is widely used in practice for its robustness and the capability of opening “initially closed 
eye”, and the key of such bind equalization is the statistics information pR . Take the rectangular M-QAM 
( ",3,2,2   mM m ) signals for example, according to (8) the different order QAM signals have different 
statistics information as seen in Fig. 2. When transmitted signals are 4-QAM signals, the CMA just uses 
2
4R  to achieve the blind equalization and when transmitted signals are 16-QAM signals and 64-QAM 
signals, the CMA just uses 216R  and 
2
64R  respectively.  
Figure 2. Modulus of different order QAM signals. 
The CMA works very well for constant modulus signals such as 4-QAM, 2-PAM and PSK signals, 
because the cost function of CMA attempts to drive the equalizer outputs to lie on the circle of radius xR
when the cost function can be equal to zero in (2). However, for the nonconstant modulus signals, the 
constellation points are allowed to assume multiple radii, when the error in (2) based on CMA never goes 
to zero, even if the signal is perfectly equalized. This is one of the reasons for the unsatisfactory 
performance of conventional CMA with higher-order QAM and higher-order PAM signals [8]. Such 
weakness is expressed as the CMA only achieves moderate convergence rate and residual error. 
3. Decision directed algorithm 
The problems of the CMA are that it only achieves moderate convergence rate and mean square error 
(MSE) after convergence, which may not be sufficient for the system to obtain adequate performance. A 
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possible solution is to switch to a decision directed (DD) adaptation which should be able to minimize the 
residual error.  
The cost function of DD algorithm is defined by [9] 
 }))(ˆ)({(E)( 2kskyJCMA  f  
where )(ˆ ks  is the decision device output of equalizer. 
The weight vector is updated by [9] 
 )()](ˆ)([)()1( kkskykk *xff   P  
However, as pointed out in [4], in order for such a transfer to be successful, the CMA steady state MSE 
should be sufficiently low. In practice, such a low level of MSE may not always be achievable by the 
CMA.Prepare Your Paper Before Styling 
4. Proposed method 
4.1 Geometrical relation between CMA1-2 and DD 
In [10], it shows a geometrical relation between CMA1-2 and DD:  
According to its definition, the CMA1-2 criterion minimizes the cost function in (2) with P=1. And 
using a stochastic gradient algorithm as updating rule we obtain (7), and the error signal )(kec  is defined by 
 )|)()](|([)( Rkykysignke  c  
Similarly the error signal )(keDc  for DD algorithm is defined by 
 )(ˆ)()( kskykeD   
Take the 4-QAM constellation for example we can compare the cost functions of CMA1-2 and DD in 
figure 3. The CMA1-2 criterion just equalize the output to lay on the circle with radius 4R  but DD 
criterion just equalize the output to lay on the position of original transmitted signal. It is clear that DD 
algorithm can obtain more accurate equalization when DD works normally. 
Figure 3. The geometrical relation between CMA1-2 and DD. 
Now we compare the error signals of CMA1-2 and DD 
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And the difference of them is expressed as 
 )](sgn[)(ˆ)()( kzRkskeke D c c  
It is clear that the more signals are located on the circle the less difference is obtained. And when the 
centre of this circle, the position of transmitted signal and )(y k  are all located on one line, )()( keke D c .
Accordingly, we can obtain a condition which means the decision is correct with high probability: 

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where ]Re[  is the real part and ]Im[  is the imaginary part. 
4.2 Proposed method 
Based on the geometrical relation between CMA1-2 and DD and take the condition (15) as the soft 
switch condition, the new dual-mode CMA equalizer is proposed as follows: 
If )]}({Re[)]}({Re[ kesignkesign Dzc  or zc )]}({Im[ kesign )]}({Im[ kesign D  then  
 )()|)()(|()()1( 221 kRkykykk *xff   P  
If )]}({Re[)]}({Re[ kesignkesign D c  or  c )]}({Im[ kesign )]}({Im[ kesign D  then  
 )()|)(ˆ||)()(|()()1( 222 kkskykykk *xff   P  
It is clear that the proposed method has two algorithms which are CMA2-2 and multi-modulus 
algorithm. When such condition (15) is not true which means the probability of correct decision from 
decision device is not very high, we use CMA2-2 to open the “eye” of received signals. Instead of using 
2R , the multi-modulus algorithm using the modulus of decision output, and with high probability of 
correct decision such algorithm can obtain lower residual mean square error. 
5. Simulation examples 
Here, we present simulation results to demonstrate performances of the proposed algorithm. And we 
carry out a numerical simulation that compares the proposed method with CMA2-2. 
Example 1. 4-PAM data symbols were transmitted through a channel with impulse response 
,906,0.05780.9656,0.0[ c T]0.2368 . The SNR was set to 30 dB. Each algorithm had 21 taps with a 
center-spike initialization. The step sizes of proposed algorithm are 0001.01  P , 0005.02  P  and 
0002.0 P  for CMA2-2.  The simulation results of this simulation are shown in Figure 4, 5 and 6. 
Example 2. 16-QAM data symbols were transmitted through an underwater acoustic channel with the 
channel impulse response Tjj ee ]2.0003.001[ 8.07.0  c . The SNR was set to 25 dB. Each algorithm 
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had 11 taps with a center-spike initialization. The step sizes of proposed algorithm are 0.0000251  P ,
0.00022  P  and 0.00007 P  for CMA2-2.  The simulation results of this simulation are shown in 
Figure 7, 8 and 9. 
From above computer simulations, it is clear that the proposed equalizer has lower steady state mean 
square error as shown in figure 4 and figure 7 respectively and the constellations of their output are clearer 
as shown in figure 6 and figure 9 respectively. 
6. Conculusions 
In this paper, by study the geometrical relation between CMA1-2 and DD criteria we obtain a condition 
which can offer high probability of correct decision from decision device. Based on such high probability 
of correct decision we use the modulus of decision output instead of the statistical modulus in algorithm to 
improve the residual mean square error. Consequently a new dual-mode CMA equalizer is proposed and 
the efficiency of such equalizer is proved by computer simulations. 
Figure 4. Learning curves of algorithms. 
Figure 5. Equalizer outputs for CMA2-2 equalizer. 
Figure 6. Equalizer outputs for proposed algorithm equalizer. 
Figure 7. Learning curves of algorithms. 
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Figure 8. Equalizer outputs for CMA2-2 equalizer after 
convergence. 
Figure 9. Equalizer outputs for proposed algorithm equalizer 
after convergence. 
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